A new method for classifying bacteria is presented and applied to a large set of biochemical data for the Enterobacteriaceae. The method minimizes the bits needed to encode the classes and the items or, equivalently, maximizes the information content of the classification. The resulting taxonomy of Enterobacteriaceae corresponds well to the general structure of earlier classifications. Minimization of stochastic complexity can be considered as a useful tool to create bacterial classifications that are optimal from the point of view of information theory.
INTRODUCTION
According to Rissanen (1989) the best theory (or model) to explain a given set of data is the one which minimizes the sum of (1) the length in bits of the description of the theory, and (2) the length in bits of the description of the data within the theory or model. This statement can be viewed as a formalization, programmable on a computer, of Occam's razor, the principle that tells us not to introduce more concepts than necessary to explain observed facts. Classifying a collection of items according to some specified method (classification model) can be viewed as a means for encoding information about the data. Following the above-mentioned principle of Rissanen, the best classification is therefore the one which requires the least number of bits to code the classification with respect to the model. chosen and to code the items within the classification. The relevant mathematical quantity describing the minimum number of bits is that of stochastic complexity (SC) (R' issanen, 1989) . Gyllenberg et al. (1994a) (see also Gyllenberg et al., 1993 and Koski, 1996 ) gave a precise description of the mathematical model corresponding to probabilistic numerical identification in phenetic bacterial taxonomy (Dybowski & Franklin, 1968 ; Lapage et al., 1973; Willcox et al., 1980) . The 'best' taxonomy according to Rissanen' s principle is therefore the one that minimizes SC with respect to this model.
A good classification should have an information
content as large as possible (Pankhurst, 1991; Sneath, 199Sa, b) . Gyllenberg et al. (1994b) showed that minimizing SC amounts to maximizing the information content of the classification. Thus increasing SC implies loss of information whereas decreasing SC indicates gain in information content. Hence SC provides a means to compare different classifications of a given collection of items and to select the best (from an information theory point of view) classification among different alternatives. Since the total number of possible classifications is finite, albeit extremely large, the SC has an absolute minimum and thus it is, at least in principle, possible to find the very best (again from the point of view of information theory) classification of the data set under consideration. We emphasize that neither is the number of classes given beforehand, nor is there any a priori given level of similarity that two items have to exceed in order to be placed into the same group. The number of classes is determined solely from the requirement of minimizing the SC.
The purpose of this paper is to demonstrate the applicability of SC minimization as a classification method in microbiological taxonomy by comparing its outcome with a generally applied classification based on other principles. The family Enterobacteriaceae was chosen for demonstration for two reasons : first, because
Enterobacteriaceae constitute a particularly well-studied group of bacteria the taxonomy of which can be considered to be rather stable; and second, because the abundant availability of data on Enterobacteriaceae allowed the utilization of a relevantly large set of test material.
The Enterobacteriaceae classification of Farmer et al. (1985) was chosen as the main reference. Both genotypic and phenotypic models were applied in the work of Farmer et al. (1985) , e.g. probabilistic numerical identification in the spirit of Lapage et al. (1973) . All species and genus names used in this paper follow the nomenclature of Farmer et al. (1985) . The discussions of Enterobacteriaceae (Brenner, 1992 ) in Bergey's Manual (Krieg & Holt, 1984) and T h e Prokaryotes (Balows et at., 1992) are in accordance with the conclusions of Farmer et al. (1985) . The comparability of the results presented in this paper and those of Farmer et al. (1985) was secured by the fact that the present authors used the binary codes of isolates from the files of Farmer et al. (1985) . The classification of Farmer et al. (1985) is referred to as CFARM in subsequent sections of this paper.
METHODS
Material. Altogether data of 5313 strains of Enterobacteriaceae representing 104 species or corresponding biogroups were included in the study. The source of the material (which is listed in Table 1 ) was the database of Enterobacteriaceae and Vibrionaceae compiled from 1972 to 1989 by the Enteric Bacteriology Laboratories, CDC, Atlanta, GA, USA. There were 67 un-named strains of Shigella in the material. We decided to include them in the runs, and in the files these strains were designated as Shigella prov(isiona1).
The data consisted of 47 binary characters (biochemical reactions) for each specimen (strain, isolate) ; the characters were the same as those described by Farmer et al. (1985) and in the binary codes they are presented in the same order as by Farmer et al. (1985) . Since details of the characters are irrelevant for the purposes of the present paper, readers are referred to Farmer et al. (1985) for this information. Some data were missing in the specimen codes (total frequency: 1.55 %). Missing data occurred mainly in isolates from the early 1970s and in character 46 (yellow pigment) for 2803 specimens. Missing bits were replaced by either 0 or 1 determined by coin tossing. It could be concluded that this did not affect the final results (when character 46 and the oldest isolates were omitted the material contained almost no missing data and the classification method gave rise to outcomes almost identical with those obtained using the complete material).
Description of classes.
The centroid of a class is by definition the vector giving the frequencies of 1s for the different attributes. Rounding off each component of the centroid to the nearest integer (0 or 1) one obtains the hypothetical mean organism (HMO) of that class (Gower, 1974; Sneath, 1979) . As a measure of the heterogeneity of a class we chose its distortion, which is the mean number of bits by which the members of the class differ from the HMO. (Dybowski & Franklin, 1968; Wilcox et al., 1980) . As a statistical model of the classification we therefore choose the distribution j=l with the numbers k, Ai and O,? being the parameters of the model. We emphasize that this statistical representation is simply a mathematically convenient way of defining the classification model and it does not imply any randomness in the data.
It was shown by Gyllenberg et al. (1994b) that the stochastic complexity SC of a set of t strains with respect to the above model is where ti is the number of strains in class j and tij is the number of strains in class j with the it" feature equal to 1 (log denotes the logarithm to the base 2). The first term in equation (3) describes the complexity of the classification and the second term the complexity of the strains with respect to the classification. Gyllenberg et al. (1994b) also showed that minimizing the SC with respect to the model (2) amounts to maximizing the information content of the classification.
Even if SC has a well-defined minimum it is practically impossible to find the classification at which it is attained, since an exhaustive enumeration of all classifications is computationally prohibitive even for small data sets. Gyllenberg et al. (1994b) The procedure is repeated starting from step 2 using the HMOs found in step 4 at the previous iteration until the HMOs do not change.
The above algorithm was implemented in a computer program written in ANSI-C, almost 6500 lines of code. The compilers Borland C S + 4.51 and GNU-CC 2.7.1 were used. Since the initialization (step 1) is random, the algorithm does not always yield the same result. For each value of k the algorithm was therefore repeated at least 20 times and the least value of SC was considered as the best value for that particular k. The standard deviation of SC was typically about 0.15 and the classifications corresponding to SC values close to the least value all showed the same general structure. Fig. 1 shows how the minimum of SC changed as the Enterobacteriaceae material (ENTE) was divided into an increasing number of classes. With two classes the minimum of SC was approximately 33, but the minimum decreased rather steeply as the number of classes rose and attained its least value of 21.421 at 69 classes. We denote this SC-minimizing classification SCENTE. With further increase in the number of classes the minimum of SC increased, but slightly. ENTE included 104 traditional species (or corresponding biogroups) and the SC of this traditional classification (CFARM) was 23.124, compared with an SC of 21.888 when ENTE was classified into 104 classes by the method of SC minimization.
RESULTS

Minimization of SC
What do these SC values indicate? The difference 23.124-21.421 = 1.703 in SC between SCENTE and CFARM means that 1.703 more bits per item are needed to encode the classification and the data using CFARM than using the SC-minimizing classification SCENTE (69 classes). In other words SCENTE is 2' "03 = 3-27 times ' better' than CFARM. The SC classification into 104 classes, on the other hand, is 2.34 times 'better' (from an information theory point of view) than CFARM (223.124-21.888 --2.339).
SC classification into 104 classes
Before turning to the SC-minimizing classification of ENTE its SC classification into 104 classes will be briefly compared with CFARM, which also contains 104 classes (Table 1) . Although the SC classification confirms the general structure of CFARM, differences are obvious. 
SC-mi n i m i zi ng class if i cat i on of Enterobacteria ceae (SC E NTE)
The outcome of the SC-minimizing classification of ENTE, and a comparison with CFARM, are given in Table 2 . It gives rise to the following conclusions. (1) Only 11 of the 104 species in CFARM are strictly confirmed (i.e. they formed their own classes, possibly Classification of Enterobacteriaceae with the inclusion of a few odd items). (2) Escherichia coli is certainly also confirmed but it splits into eight pure (i.e. containing only E. coli strains) and four almost pure classes (containing in addition a few odd strains). Specimens labelled E. coli show affinity particularly to shigellas (but also salmonellas and yersinias). (3) Several of the genera, e.g. Enterobacter, Klebsiella, and especially Serratia, Salmonella, Shigella and Yersinia, are split into several pure and almost pure genus classes, which do not, however, always correspond to the species labels of the included specimens.
Adding or subtracting items to a classified collection may in principle alter the already established classification with respect to both its structure and the number of classes. A classification method of any use in practical taxonomy should of course be rather rigid with respect to adding new items. T o test whether the SC-based classification method fulfils this requirement we performed two further classifications. One classification comprised all escherichias (including Leclercia) , and all salmonellas, shigellas and yersinias in ENTE, 2910 strains altogether. This material is referred to as ESSY. The other classification comprised the 1708 E. coli labelled strains (material COLI).
SC-minimizing classification of ESSY (SCESSY)
At the SC minimum (20.273) ESSY is divided into 26 classes. The results of SCESSY are condensed into Table  3 . The genera Escherichia, Salmonella, Shigella and Yersinia are briefly commented on below.
Escherichia. Four species are (almost) strictly confirmed : E . fergusonii, E. hermanii, E. vulneris and Leclercia adecarboxylata. Farmer et al. (1985) concluded that the last-mentioned species, although originally known as Escherichia adecarboxylata, does not belong to Escherichia. In all our runs L. adecarboxylata was strictly separated and attachment to other classes could not be found. E. coli produces six pure and five almost pure classes. These are discussed in more detail in connection with material COLI. Summarizing the above observations, we conclude that as far as the genera Salmonella, Shigella and Yersinia are concerned, the SC-minimizing classification of the material ESSY gives rise to a classification identical with that resulting from minimizing SC of the considerably larger material ENTE. This shows that the SC-based classification method has a certain robustness with respect to altering the material.
SC-minimizing classification of Escherichia coli (SCCOLI)
The SC minimum of the COLI material was 20.219 at 10 classes. The analysis of the 10 SCCOLI classes was performed by comparison of the distribution of the individual E. coli strains within each of the three optimal classifications (materials COLI, ESSY and ENTE, respectively). The results are presented in Table 4 .
As can be seen from Table 4 , there is an obvious correspondence between certain SCCOLI classes and classes of the SCESSY and SCENTE classifications. SCCOLI classes 1, 2, 3 and 4 are well concentrated (cf. also Table 5 ) and represent the bulk of E. colis (932/1708), corresponding well to the centroid and HMO of E. coli as defined by Farmer et al. (1985) . These SCCOLI classes are also quite homogeneous (distortion figures <4.2). It is, therefore, easy to conclude that the 'real' E. coli is included within these SCCOLI classes. Farmer et al. (1985) also considered an 'inactive ' E. coli. The description given corresponds quite well to the SCCOLI class 6 ( Table 5 ) . This class (which contains 156/1708 E. colis) is also homogeneous (distortion figure : 3.763) . The remaining E. coli-labelled specimens (620/1708) are distributed over five SCCOLI classes (5, 7, 8, 9 and 10) . These classes are all heterogeneous (distortion figures >4*8). As shown in Table 5 , the E. coli-labelled specimens related to shigellas are found particularly in the SCCOLI classes 5 and 8. E. colis related to Yersinia pseudotuberculosis are found in the SCCOLI classes 7 and 9. It thus seems that the heterogeneous SCCOLI classes 5,7, 8, 9 and 10 contain E . colis which are related to other organisms (Shigella, Y. pseudotuberculosis, etc.) or are otherwise atypical specimens, perhaps also misidentified isolates.
DISCUSSION
The purpose of the present study is to point out the applicability of a particular mathematical method (minimization of stochastic complexity) to classification of bacteria. As a specific example we have chosen phenotypic classification of Enterobacteriaceae based on biochemical tests. The SC classification considers, as does every numerical taxonomy approach, all characters (tests) as equally valid contributors of information and it thus takes into account the whole binary vector . . , , . . , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . nomic structure revealed by other classification methods. However, some differences were obvious. E. coli, the key species of Enterobacteriaceae to which all other members of the family have always been compared, was split into several entities by the SC-based classification, In contrast, other species of Escherichia ( E . fergusonii, E. hermanii, E. uulneris) were distinctly separable and definable. In other entities of Enterobacteriaceae, within genera such as Proteus and Providencia, known species were combined into joint classes. SC classification is thus neither a splitter nor a lumper: it both splits and lumps.
The SC-based classification has been compared with present, generally accepted classifications of Enterobacteriaceae. This does not mean that the authors seek some kind of authorization for their method from agreement with the outcomes of other approaches. There are no ' official classifications ' in microbiology. However, new approaches have to be checked against earlier thoughts. The SC classification applied to a set of name-labelled specimens compares taxospecies (or taxoclasses) with nomenspecies (cf. Sneath, 1984) . This is the usual approach of numerical taxonomy. Sneath (1995b) concluded that results of numerical taxonomy have not necessarily confirmed earlier views. The present paper comes close to confirrnation of earlier views, but may indicate some further problems requiring attention. Vandamme et al. (1996) reviewed the various approaches to classification of bacteria, and illustratively concluded that a combination of the results from all of them (polyphasic taxonomy) is to be recommended. SC-based classification may provide a further tool for polyphasic taxonomy. It also provides a useful tool for comparing the information content of alternative classifications of common materials. The SC method is well suited for the treatment of large (and thus statistically representative) materials. Finally, as already emphasized in the Introduction, the SC-based classification sets no preconditions. There is no predefined level of similarity that an item has to fulfil in order to be included as a member of a class.
The amount of comparative molecular sequence data is increasing at an exponential rate and as a consequence the importance of phenotypic numerical taxonomy based on biochemical tests is declining. If the SC method were applicable only to classifying items characterized by their phenotype its value for bacterial taxonomy would be rather meagre. From a mathematical point of view minimizing SC is a method for classifying (binary) vectors (Gyllenberg et al., 1994b) . Since the molecular sequence data of a bacterium can be given a binary code equivalent to the standard code using the four-letter alphabet ACGT, the SC approach can, at least in principle, be applied to molecular sequence data. It should, however, be noted that the statistical model (2) of the classification based on phenotypic data would most probably be a poor model for a classification based on genotypic data. It is an important and challenging task to construct a relevant model for classifications based on molecular sequence data. Once this has been done the SC method presented in this paper can immediately be applied.
